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SUMMARY
In a rapidly rotating Boussinesq fluid, buoyant anomalies radiate low-frequency inertial wave
packets which disperse along the rotation axis. The wave packets lead to axially elongated vor-
tices, which propagate negative (positive) kinetic helicity upwards (downwards) with respect
to the rotation vector. The kinetic helicity carried by the inertial wave packets is near-maximal,
relative to the velocity and vorticity fields. In classical mean-field theory, kinetic helicity is
often associated with the α-effect, which is thought to be an important ingredient for plane-
tary dynamos. The modification of inertial wave packets in the presence of a transverse uni-
form magnetic field is investigated here, motivated by small-scale dynamics in planetary cores,
where a large-scale magnetic field affects fluid motions. We study numerically the dispersion
of wave packets from an isolated buoyant source and from a random layer of buoyant anoma-
lies, while varying the Lehnert number Le – the ratio of the frequencies of Alfve´n and inertial
waves. We find that for Le < 0.1, the vortices are columnar and continue to segregate ki-
netic helicity so that it is negative (positive) above (below) the buoyant source. Importantly,
the wave packets induce an α-effect, which remains strong and coherent for Earth-like val-
ues of the Lehnert number (Le < 0.1). The interaction of wave packets emitted by multiple
neighbouring buoyant sources results in an α-effect that is stronger than the α-effect induced
by wave packets launched from an isolated buoyant source, and we provide an analytical ex-
planation for this. The coherence of the α-effect induced by the wave packets, for Earth-like
values of the Lehnert number, lends support to the α2 dynamo model driven by helical waves.
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1 INTRODUCTION
For the liquid-metal convection in Earth’s outer core, global rotation dominates the fluid motion.
Through the Coriolis acceleration, the effects of rotation have strong consequences for all but
the smallest scales of motion. Of secondary importance are the magnetic tension forces on the
fluid, resulting from the large-scale field which is sustained by stirring motions in the electrically
conducting fluid. These motions originate from the secular cooling of the Earth, and from buoyant
parcels of fluid that migrate from the inner core to the mantle. It is therefore important to study the
dynamics of buoyant blobs under the influence of rapid rotation and a large-scale magnetic field.
Of the numerical simulations of planetary dynamos, those which generate a predominantly
dipolar magnetic field exhibit a velocity field that is composed of filamentary vortices aligned
with the rotation axis. These vortices carry large amounts of kinetic helicity, which is usually
distributed negative (positive) in the northern (southern) hemisphere. This anti-symmetric kinetic
helicity distribution is known to be highly beneficial for dynamo action (Moffatt 1978). In addition
to the columnar nature of the fluid flow, the more recent simulations have a highly time dependent
buoyancy field. This observation suggests that the columnarity of the flow must be continually
re-established by some short time-scale dynamics (relative to the advection time). The most ro-
bust candidate in the purely hydrodynamic case is the spontaneous emission of inertial waves
by buoyant anomalies (Davidson 2014). Indeed, inertial waves have recently been identified in a
moderately supercritical spherical dynamo simulation (Ranjan et al. 2018).
Inertial waves are helical waves, and this is also true of their magnetically influenced counter-
parts (Moffatt 1978). Such waves influenced by the magnetic field have long received attention in
the dynamo community for their possible connection to the secular variation of the observed field
(Hide 1966). Moffatt (1970) first noticed the potential importance of inertial waves for dynamo
action. He noted that if there was a net wave-flux parallel (or anti-parallel) to the rotation axis of
the planet, the mean generated electromotive force (emf) could sustain a large-scale dynamo. In
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Figure 1. An α2 dynamo cartoon with net flow helicity negative (positive) in the northern (southern) hemi-
sphere; adapted from Davidson & Ranjan (2015).
the parlance of mean-field theory, the helical waves generate an α-effect which sets up an α2 dy-
namo cycle like the one shown in Figure 1 (Davidson & Ranjan 2015). In this schematic, B is the
magnetic field, J is the current density, the subscripts p, θ and r correspond to poloidal, azimuthal
and cylindrical radial components, hk is the helicity of the flow and ‘Ampe`re’ signifies the use of
Ampe`re’s law.
The α2 dynamo cartoon rests on the assumption that the flow helicity is sufficiently intense, and
that it is distributed negative (positive) in the north (south) outside the tangent cylinder (the imag-
inary axial cylinder which is tangent to the inner core equator). This type of helicity distribution is
observed in many dynamo simulations to date, and can arise from two main mechanisms. The first
mechanism is Ekman pumping at the outer boundary, which prevails in the more viscous simula-
tions (Roberts & King 2013). The second is the preferential generation of inertial wave packets in
the equatorial regions (Davidson & Ranjan 2015), such an equatorial bias in the buoyant forcing
having been noted by many authors over the past two decades (Olson et al. 1999; Sakuraba &
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Roberts 2009; Schaeffer et al. 2017). The latter is an attractive mechanism for the planets, as it is
independent of viscosity and the presence of a solid outer boundary.
Davidson & Ranjan (2015) showed that it is indeed feasible for a planetary dynamo to be driven
by the α-effect of inertial wave packets triggered by buoyant anomalies near the equatorial plane.
The helical wave packets interact strongly with the cylindrical radial and azimuthal components
of the field, lifting and twisting the transverse field lines. This α-effect generates an emf which
is parallel (anti-parallel) to the transverse field when the helicity is negative (positive) (Figure
1). Thus, the interaction of the wave packets with Br produces a quadrapolar poloidal current,
which reinforces an anti-symmetric Bθ. The waves interact with Bθ to produce a symmetric mean
Jθ, which through Ampe`re’s law reinforces the poloidal component of the large-scale field. This
completes the α2 dynamo cycle shown in Figure 1.
The generation of inertial wave packets by buoyant anomalies in the absence of a magnetic
field is discussed in several papers (Davidson 2014; Davidson & Ranjan 2015). Here, we study the
dynamic effect of a uniform field on the properties of fast time-scale helical waves — paying par-
ticular attention to the kinetic, magnetic and cross helicities, and on the crucial emf and associated
α-effect. First, we map out the various kinds of waves that are supported by rapid rotation and a
mean magnetic field.
2 CHARACTERISTICS OF MAGNETIC-CORIOLIS WAVES
Consider a rapidly rotating Boussinesq fluid into which we place a single buoyant blob with an
initially Gaussian profile ρ′ ∼ exp[−|x|2/δ2], which may evolve slowly under the influence of a
uniform gravitational field. The background rotation of the fluid Ω = Ωez is orthogonal to gravity
g = gey, and we choose a reference frame which rotates with the fluid. Firstly, we review the
purely hydrodynamic case studied in Davidson (2014). The buoyant blob spontaneously generates
four columnar, helical vortices aligned with the rotation axis, which reach far above/below the
initial disturbance (Figure 2). These vortices are in fact inertial wave packets with the dispersion
relation $ = ±2(k · Ω)/k and group velocity cg = ±2[k × (Ω × k)]/k3 (note that cg is the
energy propagation velocity). Here k is the wave vector, k = |k|, and the positive (negative) sign
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Figure 2. Inertial wave packets emitted from a buoyant anomaly in a rapidly rotating fluid: isosurfaces of
axial velocity uz are shown at Ωt = (a) 2, (b) 4, (c) 6, (d) 8 where red (blue) denotes positive (negative)
uz . The rotation axis is aligned with z. Four vortices are generated: two above the buoyant anomaly and two
below. At Ωt = 8 the vortices are columnar in structure.
corresponds to upward (downward) travelling waves carrying negative (positive) kinetic helicity
(Figure 3). For some blob size δ, waves with a dominant wave number k ∼ pi/δ are typically
dispatched. The segregation of helicity — negative (positive) above (below) the disturbance — is
verified by direct numerical simulations (Davidson & Ranjan 2015). A kinetic helicity distribu-
tion that is negative (positive) in the ‘north’ (‘south’) is reminiscent of geodynamo simulations
(Schaeffer et al. 2017).
Why should the radiation pattern be so strongly concentrated above/below the disturbance,
when the buoyant blob is initially spherical with no preferred direction? This question is explored
in Davidson et al. (2006), and the crux of the explanation lies in the fact that cg is always per-
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Figure 3. Inertial wave packets emitted from a buoyant anomaly (shown in black) in a rapidly rotating fluid.
(a) Four vortices shown by isosurfaces of uz and (b) kinetic helicity isosurfaces; note the segregation of
kinetic helicity negative (positive) above (below) the buoyant blob.
pendicular to k. Kinetic energy transported by an inertial wave packet to some off-axis location
is associated with only one wave vector within the source spectrum, and is propagated at a speed
less than 2Ω/k. However energy is radiated along the rotation axis at the highest possible speed
2Ω/k, and is associated with a two-dimensional disc of wave vectors in the horizontal plane. The
‘folding-up’ of the two-dimensional disc (in k-space) onto a one-dimensional thin cylinder (in
real space) constitutes the robust channelling of energy along the rotation axis (Davidson 2013,
§3.3.2). (For an alternative argument, based on angular momentum considerations, see Davidson
et al. 2006).
In a planetary core, however, there often lies a dynamic magnetic field. The introduction of
a mean magnetic field B0 modifies inertial waves into what we term magnetic-Coriolis (MC)
waves, which encompasses a large variety of wave dynamics. Alfve´n waves are now permitted
to oscillate along magnetic field lines, with a group velocity cg = ±B0 (we scale the magnetic
field throughout by
√
µρ so that it is in velocity units). The combined effects of rotation and a
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background magnetic field may be educed through considering the example outlined above, with
the addition of a mean field B0 = B0ex orthogonal to both the rotation vector and gravity. The
uniform field may be thought of as a local approximation to the large-scale East-West field in a
planetary core. We first consider plane-wave solutions to the linearised diffusion-less equations
(considered in detail in Bardsley & Davidson 2016) to get an idea of what we might expect to
observe in the simulations presented in §3 and §4. The linearised diffusion-less equations removed
from the disturbance are
∂tb = (B0 · ∇)u , ∂tω = (B0 · ∇)j + 2(Ω · ∇)u , (1)
ω =∇× u , j =∇× b , (2)
where u and b are the fluctuating velocity and magnetic fields, and the corresponding vorticity
and current density fields are ω and j. We also introduce a solenoidal vector potential through
∇× a = b. These equations combine to give the wave-like equation (Davidson 2005, pp. 531)[
∂2
∂t2
− (B0 · ∇)2
]2
∇2u+ 4(Ω · ∇)2∂
2u
∂t2
= 0 . (3)
If we apply the plane-wave ansatz f = fˆ exp[i(k ·x−$t)] (where f ∼ u ,ω ,a , b , j) to (3) we
arrive at these relations for monochromatic plane-wave solutions to (3)
ωˆ = ∓kuˆ , jˆ = ∓kbˆ , bˆ = −$B
$
uˆ , bˆ = ∓kaˆ , (4)
and the dispersion relationship becomes
$2 ∓$I$ −$2B = 0 , (5)
where $B = k · B0 and $I = 2(k · Ω)/k are the the Alfve´n and inertial wave frequencies
(Davidson 2013, pp. 150). It is clear from (4) that all plane-wave solutions to (3) have maximal
kinetic, magnetic and cross helicity – hk = u · ω, hm = a · b and hc = u · b respectively.
This means that (for monochromatic plane-wave solutions) the pairs of fields: (u, ω), (b, a) and
(u, b) are exactly aligned, though this need not be true for a wave packet (Davidson & Ranjan
2015). Further, as hk is maximal irrespective of the presence of a mean field, this tells us that
all monochromatic MC waves have an identical structure for the velocity field — a circularly
polarised transverse wave (Moffatt 1978).
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The group velocity for these waves, acquired from (5), can be expressed in the form[
1 +
($B
$
)2]
cg =
2$B
$
B0 + cgI , (6)
where cgI = ±2[k× (Ω×k)]/k3. From (6), we see that energy with k perpendicular to Ω is still
focused onto the rotation axis (as it is for pure inertial waves), however we now have a component
of the group velocity in the direction of the mean field.
In the rapidly rotating regime of Earth’s outer core, the conventional wisdom states that on
large scales we might expect $I  $B. This produces a splitting of the wave frequencies:
$ ≈ |$I | and $ ≈ $2B/|$I |. The former corresponds to weakly modified off-axis inertial waves,
which might traverse the core on a timescale of weeks, and the latter to magnetostrophic waves,
perturbations which predominantly migrate along the mean-field on a timescale of centuries (Mof-
fatt 1978) (see the end members in Figure 4). Due to their low frequencies and slow group veloc-
ities, magnetostrophic waves have been covered at length in the literature in efforts to explain the
secular variation of the geomagnetic field (Hide 1966; Malkus 1967). In the general case, exactly
how the energy is dispersed depends strongly on the orientation of Ω, k, and B0. However, as it
became clear for pure inertial waves, we might expect that there is special role for those waves
with k perpendicular to Ω; indeed this is a degenerate case for the magnetostrophic wave analysis
above (Bardsley & Davidson 2016).
From (5), the frequencies of the waves with k ·Ω ≈ 0 match the Alfve´n frequency:$ ≈ ±$B.
The leading order expression for the group velocity, for upward propagating waves, becomes
cg = ±B0 + Ω
k
. (7)
An Alfve´n-like propagation occurs along large-scale field lines, and the wave-energy is propagated
axially at half the speed of low-frequency inertial waves. These waves are termed Inertial-Alfve´n
(IA) waves, and were first highlighted by Bardsley & Davidson (2016) as a possible means of
establishing quasi-geostrophy in planetary cores. The self-focusing property of pure inertial waves
is passed over to IA waves in the presence of a transverse uniform field, as all waves with k ·
Ω ≈ 0, which may be initially launched as inertial waves, are converted to IA waves as soon
as they feel the effects of the field. Any weakly modified inertial waves emitted must be off-
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Figure 6. Rays dispersing from a localized source when the background field B0(z) varies as a sinusoid according to (24). The colours and all parameters apart
from B0(z) are the same as for Fig. 3.
Conversely, the large value of !ℓ/(B∗/
√
ρµ) in the core of
the Earth, combined with (11), ensures that |k∥|/k ≪ 1 when-
ever waves are launched an appreciable distance from the equa-
tor, that is, |z0|/L = O(1). The dispersion in such cases is mostly
along the rotation axis, consistent with the trajectories shown in
Fig. 6(a). So we conclude that, for most launch locations, the tra-
jectories of the wave packets remain more or less aligned with
the rotation axis, with the axial group speed being of the order
of the fast inertial wave speed, cgz ∼!/k⊥. As discussed in Sec-
tion 2.2, such waves satisfy |ϖ!|∼|ϖB | and so cannot formally
be classified as hybrid inertial-Alfve´n waves (|ϖ!|≪ |ϖB |), mag-
netostrophic waves (|ϖ!|≫ |ϖB |), or even weakly modified in-
ertial waves (|ϖ!|≫ |ϖB |). We shall refer to them instead as in-
termediate magneto-Coriolis (MC) waves, a generalization of the
nomenclature fast/slow MC waves commonly used to describe in-
ertial/magnetostrophic waves (Finlay et al. 2010).
The general picture that emerges, then, is the following. At least
four sets of waves contribute to the axial dispersion of wave en-
ergy from a localized source: weakly modified inertial waves, mag-
netostrophic waves, inertial-Alfve´n waves and intermediate MC
waves. The first set is characterized by cgz≈2!/k⊥and the ranking
|ϖ!|≫ |ϖB |, the second by cgz ≪ !/k⊥ and |ϖ!|≫ |ϖB |, the
third by cgz≈!/k⊥, |ϖ!|≪ |ϖB | and! · k ≈0, and the fourth by
cgz ∼!/k⊥ and |ϖ!|∼|ϖB |. Because the Alfve´n velocity is rel-
atively slow, in the sense that !ℓ ! 30|B|/√ρµ, the intermediate
MC waves propagate mainly along the rotation axis, with |k∥|/k≪
1 and cg! almost aligned with!, though they do retain some group
velocity component along magnetic field lines. These four classes
of waves—weakly modified inertial waves, magnetostrophic waves,
inertial-Alfve´n waves and intermediate MC waves—are shown in
Fig. 7.
Close to the source the dispersion pattern is like that shown in
Fig. 1(a), with much of the energy carried by axially propagating
inertial-Alfve´n waves, which are self-focussing and have an axial
group velocity of cgz≈!/k⊥. However, a significant fraction of the
energy is also carried by slightly off-axis inertial waves, which have
the faster group speed of cgz≈2!/k⊥(Davidson et al. 2006, BD16).
Over a longer time scale the Alfve´n component of the inertial-
Alfve´n waves near the source transports energy horizontally.
Far from the source, on the other hand, the inertial-Alfve´n waves
typically convert into intermediate MC waves and acquire an off-
axis component of cg!. (In principle, some of the wave packets
may be trapped by a wave ceiling, but in practice this would oc-
cur only when the source is particularly small and located close
to the equator.) Intermediate MC waves satisfy |ϖ!|∼|ϖB | and
disperse energy along the rotation axis in a manner reminiscent of
Figure 7. The relative frequencies of weakly modified inertial waves, mag-
netostrophic waves, inertial-Alfve´n waves and intermediate MC waves.
low-frequency inertial waves. However, they also initiate horizontal
Alfve´n waves and transport magnetic helicity. We conclude, there-
fore, that quasi-geostrophy in the core is likely to be maintained
through a combination of slightly off-axis inertial waves, which
satisfy |ϖ!|≫ |ϖB |, and intermediate MC waves which satisfy
|ϖ!|∼|ϖB | and have an axial group velocity comparable to that
of inertial waves.
Finally, in order to convey the complexity of the dispersion pat-
tern that can develop, in Fig. 8 we have superimposed rays dis-
persing from three localized sources at slightly different longi-
tudes and with the background field varying as (24). As before,
we take ℓ = 10 km, L = 2000 km, a normalized field strength
of (B∗/
√
ρµ)/!ℓ = 0.033, and a rotation rate equal to that of
the Earth. The waves are launched at latitudes of z0 = 25, 100,
500 km and for each source we allow for launch frequencies of
ϖ B/ϖ 0 = 0.3 (weakly modified inertial waves), ϖ B/ϖ 0 = 1
(inertial-Alfve´n waves) and ϖ B/ϖ 0 = 3. Broadly speaking the
waves fall into one of two categories; some rays remain trapped
in the equatorial regions, say |z0| < 100 km, but those which
escape the region propagate towards the mantle as intermediate
MC waves (|ϖ!|∼|ϖB |), or else weakly modified inertial waves
(|ϖ!|≫ |ϖB |). As noted earlier, those waves that remain trapped
near the equator are likely to be subject to strong Ohmic dissipation.
Explicit discussion of the effect of a finite magnetic diffusivity
is beyond the scope of this work, as is the treatment of other large-
scale magnetic field components. While the axial field is likely
subordinate to the rotation, the spatially varying radial field will
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Figure 4. The classes of waves derived from the MC wave dispersion relation (5); after Bardsley & Davidson
(2017).
axis waves, which have a lower energy density. From (4), all MC waves have maximal hk, hm
and hc, however IA waves propagate energy in equipartition i.e. u2 = b2. This is in contrast
to weakly modified inertial waves that are characterised by maximal hk, but hm ≈ 0, hc ≈ 0
and b2/u2 ≈ 0, and slow magnetostrophic waves with maximal hm, but hk ≈ 0, hc ≈ 0 and
u2/b2 ≈ 0. The wave types derived from the dispersion relation (5) are summarised in Figure 4.
Here, the ‘intermediate MC’ region characterises those wave packets which sit between the self-
focusing IA waves a slow magnetostrophic waves. The dispersion properties of intermediate
MC waves depend strongly on the ratio of the Alfve´n and inertial frequencies — at Earth-like
values of this ratio the intermediat waves predomin nt y radiate information along the direction
of the rotation axis (Bardsley & Davidson 2017).
One final point arises rom taking the dot product of (6) with Ω. Using (4), it can be shown that
the segregation of hk for pure inertial waves — negative (positive) above (below) the disturbance
— extends to MC waves, only now hm is segregated in exactly the same way. Evidently this is
true for modified inertial waves, magnetostrophic waves and IA waves alike. Cross helicity is
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maximal for IA waves, however there is no such segregation of hc above/below the source, there
is a left–right asymmetry which may be seen from (4) and the fact that the sign of $B depends on
B0 · k.
3 DISPERSION OFWAVES FROM A SINGLE BUOYANT BLOB
Before looking at the dispersion of waves from a random sea of buoyant anomalies (§4) it is
instructive to consider the case of a single buoyant blob. Our local numerical set-up is reminiscent
of the equatorial regions of a planetary outer core, where gravity points radially inward and the
rotation vector is vertical (similar to Davidson & Ranjan 2015; McDermott & Davidson 2019). We
focus our investigations on a local approximation of a toroidal field, perpendicular to both gravity
and rotation. We introduce three simulations in a Cartesian domain of an electrically conducting
Boussinesq fluid with an applied uniform magnetic field B0ex, background rotation Ωez, and
constant gravity gey. The equations are
∂tu+ (u · ∇)u+ 2Ω(ez × u) = −∇Π + gcey +B0∂xb+ (b · ∇)b+ ν∇2u , (8)
∂tb+ (u · ∇)b = B0∂xu+ (b · ∇)u+ η∇2b , (9)
∂tc+ (u · ∇)c = κ∇2c , (10)
b =∇× a , ∇ · u =∇ · b =∇ · a = 0 , (11)
where the reduced pressure Π takes into account magnetic pressures and centrifugal accelerations
and c = ρ′/ρ is the dimensionless density perturbation. We remind the reader that the magnetic
field is scaled by
√
µρ, so that it is in velocity units. The magnetic diffusivity η, kinematic viscosity
ν, and the scalar diffusivity κ of the fluid are all constant and equal, thus the thermal and magnetic
Prantdl numbers are Pr = Pm = 1. The equations are solved using standard pseudo-spectral tech-
niques, with a 2/3 de-aliasing truncation and a second-order Runge-Kutta time advance scheme
(Go´mez et al. 2005). The triply periodic simulation box is extended in the direction of the rota-
tion axis, to allow wave packets to propagate for up to 40 rotation periods before reaching the
top/bottom of the box.
The initial conditions are u = b = 0, with a single spherical density anomaly at the origin,
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which has an initially Gaussian profile c = ρ′/ρ ∼ exp[−|x|2/δ2], but evolves according to
an advection-diffusion equation thereafter. Here x is the position vector and δ is the blob size.
Compared to the blob size, the box spans [−25δ, 25δ] in the horizontal directions and [−75δ, 75δ]
in the direction of the rotation vector. The ratio of Alfve´n to inertial frequencies is expressed by
the Lehnert number Le = B0/Ωδ, and the Lundquist number Lu = B0δ/η measures the ratio
of the magnetic diffusion time-scale to the time-scale of Alfve´n waves, where η is the magnetic
diffusivity. Estimates of Le and Lu for the small-scales in Earth’s outer core lie in the ranges
Le ∼ 0.001−0.1 and Lu ∼ 100−1000. These estimates are very sensitive to the hidden azimuthal
magnetic field strength (∼ 3 mT, Gillet et al. 2010), and the flow length-scale perpendicular to the
rotation axis (∼ 10 km, Davidson 2014). Note that the convective length scale in Earth’s core was
recently estimated at ∼ 30 km (Guervilly et al. 2019), which results in Le ∼ 0.01. A parameter
often referenced in the literature, which does not include a length scale, is the Elsasser number
Λ = LeLu, and we expect Λ ∼ 10 for Earth’s dynamo. First, we set Le = 0.1 and Lu = 160 (so
Λ = 16), as these choices illustrate the key wave dynamics in a reasonable amount of simulation
time. (See also simulation S4 with the same parameters later in §4).
Wave packets radiate away from the buoyant blob, and extend in the direction of the rotation
vector, as in the hydrodynamic case (Figure 2). We stop the simulation after 30Ωt and inspect
the dispersion pattern, as illustrated in Figure 5. We show isosurfaces of ±uz coloured by relative
kinetic helicity h∗k = hk/|u||ω|, relative magnetic helicity h∗m = hm/|a||b|, relative cross helicity
h∗c = hc/|u||b| and the normalised emf in the x-direction: E∗x = (u × b)x/|u × b|. From (7),
we expect to see axially elongated wave packets with a high energy density, that have moved
horizontally to ±x/δ ≈ Le(Ωt) ≈ 3. The isosurfaces shown in Figure 5 are consistent with
this prediction. As expected from the earlier analysis, kinetic and magnetic helicity are cleanly
segregated negative (positive) above (below) the buoyant blob. The normalised fluctuating emf in
the x-direction, E∗x , is segregated in the opposite way to hk and hm, with positive (negative) emf
being transported above (below) the blob. The normalised emf has a smaller magnitude than the
relative helicities, and h∗k and h
∗
m are larger in magnitude than h
∗
c . The buoyancy field itself does
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Figure 5. Buoyant blob source at Le = 0.1. Axial velocity isosurfaces at Ωt = 30 coloured by relative
kinetic helicity h∗k, relative magnetic helicity h
∗
m, relative cross helicity h
∗
c and the normalised emf in the
x-direction E∗x (left to right).
not appreciably evolve, owing to the low value of the Rossby number Ro = u/2Ωδ ≈ 0.01, where
u is the characteristic velocity magnitude.
The cross helicity and the emf are the dot product and cross product of u and b. It follows that
their values are closely related through |hc|2 + |E|2 = |u|2|b|2. As the quantities are squared in this
relation, even when the relative cross helicity holds a large value, say ≈ 0.75, the normalised emf
would be respectively ≈ 0.66. With the mean-field in the x-direction we expect Ex to dominate
the other components of the emf, and this is what we observe for the current example (Figure 5).
The wave packets generated by a single blob are permitted to induce a strong emf, in spite of the
relatively large degree of alignment between u and b.
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Figure 6. uz in the plane y = 0 at Ωt = 30, gravity points into the page and the colour scale is saturated at
±85% of the maximum of |uz| in each pane. Blue (red) is negative (positive) uz , the horizontal black lines
are B0 + b and the Lehnert number increases from left to right. The perturbations to the field lines have
been exaggerated by a factor of 10.
Now we explore the effect of varying the Lehnert number, or equivalently the mean field
strength. In Figure 6 we show the axial velocity at Ωt = 30 with the field lines B0 + b super-
imposed, in the plane y = 0 for three Lehnert numbers Le = 0.01, 0.05, 0.1. This choice of
parameters is equivalent to the simulations initialised with a layer of buoyancy: S2, S3 and S4 in-
troduced later in §4. For Le = 0.01 (left), the magnetic field barely effects the wave dispersion, so
we see transient Taylor columns growing along ez, similar to those seen in purely hydrodynamic
simulations (Davidson & Ranjan 2015; McDermott & Davidson 2019). Weaker petals of off-axis
energy are also present, due to the isotropic source spectrum, however the energy density is highest
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on-axis. With a stronger uniform field (say Le = 0.1), there is evidently a considerable effect of
the magnetic field on the wave dispersion. We see similar columnar structures, but now the energy
is displaced laterally off-axis due to the component of cg parallel to B0, see (7). Note that the
dispersion pattern observed here is indistinguishable from the diffusionless analytical results of
Bardsley & Davidson (2016), with a static buoyant blob at Le = 0.1. It will be important to note
that for the single blob case, the wave packets propagate horizontally away from each other, and do
not interact (Figure 6). The horizontal propagation should not be mistaken for the slow evolution
of magnetostrophic waves, whose time-scale is vastly greater than 30Ωt — the dynamics shown
occur on the fast time-scale.
A planetary core will inevitably be packed with buoyant anomalies, slowly migrating from the
centre outwards under the influence of gravity. This is not dependent on whether the convection
is driven thermally or compositionally. Each one of these buoyant blobs is obliged to emit a spec-
trum MC waves, carrying varying degrees of helicity (kinetic, magnetic or cross). Similarly to the
hydrodynamic case, it is the self-focusing waves launched with k ·Ω ≈ 0 which are particularly
potent at creating columnar structures (Figures 5 & 6), and in the presence of a uniform field it
is the inertial and IA waves that assume this role. It is observed that in many of the published
dynamo simulations, the root-mean-square (r.m.s.) radial velocity (Sakuraba & Roberts 2009) and
the temperature/density perturbations (Olson et al. 1999; Schaeffer et al. 2017) are concentrated
near the equatorial plane (§1). This observation motivates the initial conditions for the simulations
presented in the remainder of the paper.
4 NUMERICAL SIMULATIONS WITH A LAYER OF BUOYANT ANOMALIES
We present six simulations with the same set-up as in §3, however the initial condition for the
buoyancy field in this section is now a layer of buoyant anomalies rather than a single buoyant
blob. The simulations are initialised with u = b = 0, and with a localised layer of buoyant
anomalies in the vertical centre of the box. Each constituent buoyant blob is similar to the single
buoyant source in the previous section, with ci ∼ exp[−(x − xi)2/δ2], where xi locates the
blob centre and δ is the blob size. The blob sizes are chosen from a uniform distribution about
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Table 1. Simulation parameters and estimated local values for Earth’s outer core.
Run Le Lu Ro Λ = LeLu
Not Earth-like Le S1 10−8 1.6× 10−5 2.8× 10−3 10−13
Earth-like Le S2 0.01 16 2.7× 10−3 0.16
S3 0.05 78 1.9× 10−3 3.9
Marginal Le S4 0.1 160 1.4× 10−3 16
S5 0.2 310 1.0× 10−3 62
Not Earth-like Le S6 0.5 780 7.9× 10−4 390
Earth 0.001− 0.1 100− 1000 ∼ 1× 10−4 ∼ 10
the mean blob size δ¯, such that δ¯/2 < δ < 3δ¯/2 creating a diverse random cloud of buoyancy.
Here, the box spans [−25δ¯, 25δ¯] in the horizontal directions and [−75δ¯, 75δ¯] in the direction of
the rotation vector. We restrict the blob centres xi to the layer −2δ¯ < z < 2δ¯, and they fill the
box in the plane normal to ez. There are 2000 blobs within the layer, resulting in a filling factor
of 50 %. Using the r.m.s. velocity in the mid-plane of the box u0 we define a Reynolds number
Re = u0δ¯/ν ∼ 20 − 50. As Pm = 1 the magnetic Reynolds number is Rm = Re, while the
Ekman number is Ek = ν/2Ωδ¯2 ∼ 2× 10−4.
We vary the Lehnert number Le from the basically hydrodynamic value of 10−8 through to
Le = 0.5 by increasing the strength of the applied field, with the exact values given in table
1. Also reported are estimated values for the small scales in Earth’s outer core. We also list the
Lundquist number, defined as Lu = B0δ¯/η, which is expected to be large in planetary cores. We
introduce an ‘average over the wave packets’ which we will use several times the remainder of
the paper, which is taken over the region |u| + |b| > 0.05 × max(|u| + |b|). Using this average
we define a velocity scale u, and the corresponding values of Ro = u/2Ωδ¯ for our simulations
are given in table 1. These decrease from S1–6 as a result of kinetic energy being converted to
magnetic energy for larger applied field strengths, and enhanced Ohmic dissipation. We will first
qualitatively describe the results of simulations S1–6, then examine features of them in detail.
Figures 7 & 8 show isosurfaces of the axial velocity at ±2 standard deviations, coloured by
h∗k, |h∗c | and E∗x at Ωt = 30. Column four in Figures 7 & 8 displays a y-average (denoted 〈∼〉y)
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<latexit sha 1_base64="S3aSDwxRIltveq tem08Bv90msbk=">AAAB7Hi cbVBNS8NAEJ34WetX1aOXxSK Ih5JUQY8FPXisYNpCG8tmu2 mXbjZhdyKU0t/gxYMiXv1B3v w3btsctPXBwOO9GWbmhakUB l3321lZXVvf2CxsFbd3dvf2S weHDZNkmnGfJTLRrZAaLoXi PgqUvJVqTuNQ8mY4vJn6zSeu jUjUA45SHsS0r0QkGEUr+YPu 8PG8Wyq7FXcGsky8nJQhR71 b+ur0EpbFXCGT1Ji256YYjKl GwSSfFDuZ4SllQ9rnbUsVjb kJxrNjJ+TUKj0SJdqWQjJTf0 +MaWzMKA5tZ0xxYBa9qfif1 84wug7GQqUZcsXmi6JMEkzI9 HPSE5ozlCNLKNPC3krYgGrK 0OZTtCF4iy8vk0a14l1UqveX 5dptHkcBjuEEzsCDK6jBHdT BBwYCnuEV3hzlvDjvzse8dcX JZ47gD5zPH2fjjmw=</late xit>
h⇤m
<latexit sha1_base64="e89uDvNqaFP2rR08Gg40xgfgGN M=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJTdVtBjQQ8eK7htoV1LNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GH i8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm9mfvuJKs1i+WAmCQ0E HkoWMYKNlfxRXzxe9MsVt+rOgVaJl5MK5Gj2y1+9QUxSQaUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSiQXVQTY/dorOrD JAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xjc10XWQMZmkhkqyWBSlHJkYzT5HA6YoMXxiCSaK2VsRGWGFibH5lGwI3vLL q6RVq3r1au3+stK4zeMowgmcwjl4cAUNuIMm+ECAwTO8wpsjnRfn3flYtBacfOYY/sD5/AFq745u</latexit>
|h⇤c |
<latexit sha1_base64="iiYBSyv9zCW6Bpv2pg+PnTdKwmI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iNgh4DevAYw TwgWcPspDcZMju7zMwKIclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4O6zpOFcMai0WsmgHVKLjEmuFGYDNRSKNAYCMY3Ez9xhMqzWP5YIYJ+hHtSR5yRo2VGuN+hz2ejzuFoltyZyDLxMtIETJUO4WvdjdmaYTSMEG1bn luYvwRVYYzgZN8O9WYUDagPWxZKmmE2h/Nzp2QU6t0SRgrW9KQmfp7YkQjrYdRYDsjavp60ZuK/3mt1ITX/ojLJDUo2XxRmApiYjL9nXS5QmbE0BLKFLe3EtanijJjE8rbELzFl5dJvVzyLkrl+8ti5TaLIwfHcAJn4MEVVOAOqlADBgN4hld4cxLnxXl3Pua tK042cwR/4Hz+ACIlj3A=</latexit>
E⇤x
<latexit sha1_base64="pveA0XBB uXG+mA6+74FkQEgRVxQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgLkpSB bssiOCygn1AG8NkOmmHTiZhZiLW0C9x40IRt36KO//GaZuFth4YOJxzL/fM CRLOlHacb2tldW19Y7OwVdze2d0r2fsHLRWnktAmiXksOwFWlDNBm5ppTj uJpDgKOG0Ho6up336gUrFY3OlxQr0IDwQLGcHaSL5d6kVYDwnm2fXEf7w/8 +2yU3FmQMvEzUkZcjR8+6vXj0kaUaEJx0p1XSfRXoalZoTTSbGXKppgMsID 2jVU4IgqL5sFn6ATo/RRGEvzhEYz9fdGhiOlxlFgJqcx1aI3Ff/zuqkOa17 GRJJqKsj8UJhypGM0bQH1maRE87EhmEhmsiIyxBITbboqmhLcxS8vk1a14p 5XqrcX5Xotr6MAR3AMp+DCJdThBhrQBAIpPMMrvFlP1ov1bn3MR1esfOcQ /sD6/AGor5MN</latexit>
⇤
k
<latexit sha1_bas e64="S3aSDwxRIltveqtem08Bv90msbk=" >AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh 5JUQY8FPXisYNpCG8tmu2mXbjZhdyKU0t/ gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUB l3321lZXVvf2CxsFbd3dvf2SweHDZNkmnG fJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJn6z SeujUjUA45SHsS0r0QkGEUr+YPu8PG8Wyq 7FXcGsky8nJQhR71b+ur0EpbFXCGT1Ji25 6YYjKlGwSSfFDuZ4SllQ9rnbUsVjbkJxrN jJ+TUKj0SJdqWQjJTf0+MaWzMKA5tZ0xx YBa9qfif184wug7GQqUZcsXmi6JMEkzI9H PSE5ozlCNLKNPC3krYgGrK0OZTtCF4iy8v k0a14l1UqveX5dptHkcBjuEEzsCDK6jBHd TBBwYCnuEV3hzlvDjvzse8dcXJZ47gD5zP H2fjjmw=</latexit>
h⇤m
<latexit sha1_base64="e89uDvNqaFP2 rR08Gg40xgfgGNM=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJTdVtBjQQ8eK7htoV 1LNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7d LO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm9mfvuJKs1i+WAmCQ0EHk oWMYKNlfxRXzxe9MsVt+rOgVaJl5MK5Gj2y1+9QUxSQaUhHGvd9dzEBBlWhhFOp6Veqm mCyRgPaddSiQXVQTY/dorOrDJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xjc10XWQM ZmkhkqyWBSlHJkYzT5HA6YoMXxiCSaK2VsRGWGFibH5lGwI3vLLq6RVq3r1au3+stK4z eMowgmcwjl4cAUNuIMm+ECAwTO8wpsjnRfn3flYtBacfOYY/sD5/AFq745u</latexit >
|h⇤c |
<latexit sha1_base64="iiYBSyv9zCW6Bpv2pg+PnTdKwmI=">AAAB7nicbVDLSgNBEO z1GeMr6tHLYBDEQ9iNgh4DevAYwTwgWcPspDcZMju7zMwKIclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4O6zpOFcMai0WsmgHVKLjEmuFGYDNRS KNAYCMY3Ez9xhMqzWP5YIYJ+hHtSR5yRo2VGuN+hz2ejzuFoltyZyDLxMtIETJUO4WvdjdmaYTSMEG1bnluYvwRVYYzgZN8O9WYUDagPWxZKmmE2h/Nzp2QU6t0SRgrW9KQmfp7YkQj rYdRYDsjavp60ZuK/3mt1ITX/ojLJDUo2XxRmApiYjL9nXS5QmbE0BLKFLe3EtanijJjE8rbELzFl5dJvVzyLkrl+8ti5TaLIwfHcAJn4MEVVOAOqlADBgN4hld4cxLnxXl3PuatK04 2cwR/4Hz+ACIlj3A=</latexit>
E⇤x
<latexit sha1_base64="pveA0XBBuXG+mA6+74FkQ EgRVxQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgLkpSBbssiOCygn1AG8NkOmmHTiZhZiLW0C9x40IRt36K O//GaZuFth4YOJxzL/fMCRLOlHacb2tldW19Y7OwVdze2d0r2fsHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgK OG0Ho6up336gUrFY3OlxQr0IDwQLGcHaSL5d6kVYDwnm2fXEf7w/8+2yU3FmQMvEzUkZcjR8+6vXj0kaUaEJx 0p1XSfRXoalZoTTSbGXKppgMsID2jVU4IgqL5sFn6ATo/RRGEvzhEYz9fdGhiOlxlFgJqcx1aI3Ff/zuqkOa1 7GRJJqKsj8UJhypGM0bQH1maRE87EhmEhmsiIyxBITbboqmhLcxS8vk1a14p5XqrcX5Xotr6MAR3AMp+DCJdT hBhrQBAIpPMMrvFlP1ov1bn3MR1esfOcQ/sD6/AGor5MN</latexit>
hE⇤xiy
<latexit sha1_base64=" QGDJFaAMPaEZutxk+i6qDEywJSU=">AAACCnicbVDLS sNAFJ3UV62vqEs3o0UoLkpSBV0WRHBZwT6giWEynbZ DJ5MwMxFD6NqNv+LGhSJu/QJ3/o2TNAttPXDhcM693H uPHzEqlWV9G6Wl5ZXVtfJ6ZWNza3vH3N3ryDAWmLRxy ELR85EkjHLSVlQx0osEQYHPSNefXGZ+954ISUN+q5KI uAEacTqkGCkteeahwxAfMQKdAKkxRiy9mnoPdyfQEbn uJZ5ZtepWDrhI7IJUQYGWZ345gxDHAeEKMyRl37Yi5 aZIKIoZmVacWJII4Qkakb6mHAVEumn+yhQea2UAh6HQ xRXM1d8TKQqkTAJfd2YHy3kvE//z+rEaXrgp5VGsCMe zRcOYQRXCLBc4oIJgxRJNEBZU3wrxGAmElU6vokOw51 9eJJ1G3T6tN27Oqs1aEUcZHIAjUAM2OAdNcA1aoA0w eATP4BW8GU/Gi/FufMxaS0Yxsw/+wPj8ARU6mm0=</l atexit>
⇤
k
<latexit sha1_base64="S3aSDwxRIltv eqtem08Bv90msbk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5JUQY8FPXisYNpCG8 tmu2mXbjZhdyKU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lZXVvf2CxsFb d3dvf2SweHDZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJn6zSeujUjUA45SHsS0r0 QkGEUr+YPu8PG8Wyq7FXcGsky8nJQhR71b+ur0EpbFXCGT1Ji256YYjKlGwSSfFDuZ4S llQ9rnbUsVjbkJxrNjJ+TUKj0SJdqWQjJTf0+MaWzMKA5tZ0xxYBa9qfif184wug7GQ qUZcsXmi6JMEkzI9HPSE5ozlCNLKNPC3krYgGrK0OZTtCF4iy8vk0a14l1UqveX5dptH kcBjuEEzsCDK6jBHdTBBwYCnuEV3hzlvDjvzse8dcXJZ47gD5zPH2fjjmw=</latexit >
⇤
<latexit sha1_base64="e89uDvNqaFP2 rR08Gg40xgfgGNM=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJTdVtBjQQ8eK7htoV 1LNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7d LO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm9mfvuJKs1i+WAmCQ0EHk oWMYKNlfxRXzxe9MsVt+rOgVaJl5MK5Gj2y1+9QUxSQaUhHGvd9dzEBBlWhhFOp6Veqm mCyRgPaddSiQXVQTY/dorOrDJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xjc10XWQM ZmkhkqyWBSlHJkYzT5HA6YoMXxiCSaK2VsRGWGFibH5lGwI3vLLq6RVq3r1au3+stK4z eMowgmcwjl4cAUNuIMm+ECAwTO8wpsjnRfn3flYtBacfOYY/sD5/AFq745u</latexit >
| ⇤c |
<latexit sha1_base64="iiYBSyv9zCW6Bpv2pg+PnTdKwmI=">AAAB7nicbVDLSgNBEO z1GeMr6tHLYBDEQ9iNgh4DevAYwTwgWcPspDcZMju7zMwKIclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4O6zpOFcMai0WsmgHVKLjEmuFGYDNRS KNAYCMY3Ez9xhMqzWP5YIYJ+hHtSR5yRo2VGuN+hz2ejzuFoltyZyDLxMtIETJUO4WvdjdmaYTSMEG1bnluYvwRVYYzgZN8O9WYUDagPWxZKmmE2h/Nzp2QU6t0SRgrW9KQmfp7YkQj rYdRYDsjavp60ZuK/3mt1ITX/ojLJDUo2XxRmApiYjL9nXS5QmbE0BLKFLe3EtanijJjE8rbELzFl5dJvVzyLkrl+8ti5TaLIwfHcAJn4MEVVOAOqlADBgN4hld4cxLnxXl3PuatK04 2cwR/4Hz+ACIlj3A=</latexit>
⇤
x
<latexit sha1_base64="pveA0XBBuXG+mA6+74FkQ EgRVxQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgLkpSBbssiOCygn1AG8NkOmmHTiZhZiLW0C9x40IRt36K O//GaZuFth4YOJxzL/fMCRLOlHacb2tldW19Y7OwVdze2d0r2fsHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgK OG0Ho6up336gUrFY3OlxQr0IDwQLGcHaSL5d6kVYDwnm2fXEf7w/8+2yU3FmQMvEzUkZcjR8+6vXj0kaUaEJx 0p1XSfRXoalZoTTSbGXKppgMsID2jVU4IgqL5sFn6ATo/RRGEvzhEYz9fdGhiOlxlFgJqcx1aI3Ff/zuqkOa1 7GRJJqKsj8UJhypGM0bQH1maRE87EhmEhmsiIyxBITbboqmhLcxS8vk1a14p5XqrcX5Xotr6MAR3AMp+DCJdT hBhrQBAIpPMMrvFlP1ov1bn3MR1esfOcQ/sD6/AGor5MN</latexit>
Figure 7. Axial velocity isosurfaces coloured by relative kinetic helicity h∗k, relative cross helicity magni-
tude |h∗c | and normalised emf in the x-direction E∗x (left to right). Isosurfaces shown for S1-3 (top to bottom),
at ± two standard deviations of uz and Ωt = 30. Column 4 shows a y-average where the colour intensity is
controlled by 〈|uz|〉y and the hue is set by 〈E∗x〉y. Note the top/bottom of the box are at ±75 z/δ¯.
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h⇤k
<latexit sha1_base64="S3aSDwxRIltv eqtem08Bv90msbk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5JUQY8FPXisYNpCG8 tmu2mXbjZhdyKU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lZXVvf2CxsF bd3dvf2SweHDZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJn6zSeujUjUA45SHsS0r 0QkGEUr+YPu8PG8Wyq7FXcGsky8nJQhR71b+ur0EpbFXCGT1Ji256YYjKlGwSSfFDuZ 4SllQ9rnbUsVjbkJxrNjJ+TUKj0SJdqWQjJTf0+MaWzMKA5tZ0xxYBa9qfif184wug7G QqUZcsXmi6JMEkzI9HPSE5ozlCNLKNPC3krYgGrK0OZTtCF4iy8vk0a14l1UqveX5dp tHkcBjuEEzsCDK6jBHdTBBwYCnuEV3hzlvDjvzse8dcXJZ47gD5zPH2fjjmw=</late xit>
h⇤m
<latexit sha1_base64="e89uDvNqaFP2 rR08Gg40xgfgGNM=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJTdVtBjQQ8eK7htoV 1LNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7 dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm9mfvuJKs1i+WAmCQ0EH koWMYKNlfxRXzxe9MsVt+rOgVaJl5MK5Gj2y1+9QUxSQaUhHGvd9dzEBBlWhhFOp6Ve qmmCyRgPaddSiQXVQTY/dorOrDJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xjc10XWQ MZmkhkqyWBSlHJkYzT5HA6YoMXxiCSaK2VsRGWGFibH5lGwI3vLLq6RVq3r1au3+stK 4zeMowgmcwjl4cAUNuIMm+ECAwTO8wpsjnRfn3flYtBacfOYY/sD5/AFq745u</late xit>
|h⇤c |
<latexit sha1_base64="iiYBSyv9zCW6Bpv2pg+PnTdKwmI=">AAAB7nicbVDLSgNBEO z1GeMr6tHLYBDEQ9iNgh4DevAYwTwgWcPspDcZMju7zMwKIclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4O6zpOFcMai0WsmgHVKLjEmuFGYDNR SKNAYCMY3Ez9xhMqzWP5YIYJ+hHtSR5yRo2VGuN+hz2ejzuFoltyZyDLxMtIETJUO4WvdjdmaYTSMEG1bnluYvwRVYYzgZN8O9WYUDagPWxZKmmE2h/Nzp2QU6t0SRgrW9KQmfp7Yk QjrYdRYDsjavp60ZuK/3mt1ITX/ojLJDUo2XxRmApiYjL9nXS5QmbE0BLKFLe3EtanijJjE8rbELzFl5dJvVzyLkrl+8ti5TaLIwfHcAJn4MEVVOAOqlADBgN4hld4cxLnxXl3PuatK 042cwR/4Hz+ACIlj3A=</latexit>
E⇤x
<latexit sha1_base64="pveA0XBBuXG+mA6+74FkQ EgRVxQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgLkpSBbssiOCygn1AG8NkOmmHTiZhZiLW0C9x40IRt36 KO//GaZuFth4YOJxzL/fMCRLOlHacb2tldW19Y7OwVdze2d0r2fsHLRWnktAmiXksOwFWlDNBm5ppTjuJpDg KOG0Ho6up336gUrFY3OlxQr0IDwQLGcHaSL5d6kVYDwnm2fXEf7w/8+2yU3FmQMvEzUkZcjR8+6vXj0kaUaEJ x0p1XSfRXoalZoTTSbGXKppgMsID2jVU4IgqL5sFn6ATo/RRGEvzhEYz9fdGhiOlxlFgJqcx1aI3Ff/zuqkO a17GRJJqKsj8UJhypGM0bQH1maRE87EhmEhmsiIyxBITbboqmhLcxS8vk1a14p5XqrcX5Xotr6MAR3AMp+DC JdThBhrQBAIpPMMrvFlP1ov1bn3MR1esfOcQ/sD6/AGor5MN</latexit>
h⇤k
<latexit sha1_bas e64="S3aSDwxRIltveqtem08Bv90msbk=" >AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh 5JUQY8FPXisYNpCG8tmu2mXbjZhdyKU0t/ gxYMiXv1B3vw3btsctPXBwOO9GWbmhakU Bl3321lZXVvf2CxsFbd3dvf2SweHDZNkmn GfJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJn6 zSeujUjUA45SHsS0r0QkGEUr+YPu8PG8W yq7FXcGsky8nJQhR71b+ur0EpbFXCGT1Ji 256YYjKlGwSSfFDuZ4SllQ9rnbUsVjbkJx rNjJ+TUKj0SJdqWQjJTf0+MaWzMKA5tZ0x xYBa9qfif184wug7GQqUZcsXmi6JMEkzI 9HPSE5ozlCNLKNPC3krYgGrK0OZTtCF4iy 8vk0a14l1UqveX5dptHkcBjuEEzsCDK6jB HdTBBwYCnuEV3hzlvDjvzse8dcXJZ47gD5 zPH2fjjmw=</latexit>
h⇤m
<la texi t sh a1_b ase6 4="e8 9uDv NqaF P2rR 08Gg4 0xgf gGNM =">A AAB7 HicbV BNSw MxEJ 2tX7 V+VT 16CRZ BPJT dVtB jQQ8 eK7ht oV1L Ns22 oUl2 SbJC Wfobv HhQx Ks/y Jv/x rTdg7 Y+GH i8N8 PMvD DhTB vX/XY Ka+s bm1v F7dL O7t7 +Qfnw qKXj VBHq k5jH qhNiT TmT1 DfMc NpJF MUi5 LQdjm 9mfv uJKs 1i+W AmCQ 0EHko WMYK Nlfx RXzx e9MsV t+rO gVaJ l5MK 5Gj2 y1+9Q UxSQ aUhH Gvd9 dzEBB lWhh FOp6 Veqm mCyR gPadd SiQX VQTY /dor OrDJ AUaxs SYPm 6u+J DAut JyK0n QKbk V72Z uJ/X jc10 XWQMZ mkhk qyWB SlHJ kYzT 5HA6Y oMXx iCSa K2Vs RGWGF ibH5 lGwI 3vLL q6RV q3r1a u3+s tK4z eMow gmcwj l4cA UNuI Mm+E CAwT O8wps jnRf n3fl YtBa cfOY Y/sD5 /AFq 745u </la texit >
| c |
<latexit sha1_base64="iiYBSyv9zCW6B pv2pg+PnTdKwmI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iNgh4DevAYwTwgWcPs pDcZMju7zMwKIclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7 O7tFw4O6zpOFcMai0WsmgHVKLjEmuFGYDNRSKNAYCMY3Ez9xhMqzWP5YIYJ+hHtSR5yRo2 VGuN+hz2ejzuFoltyZyDLxMtIETJUO4WvdjdmaYTSMEG1bnluYvwRVYYzgZN8O9WYUDag PWxZKmmE2h/Nzp2QU6t0SRgrW9KQmfp7YkQjrYdRYDsjavp60ZuK/3mt1ITX/ojLJDUo2 XxRmApiYjL9nXS5QmbE0BLKFLe3EtanijJjE8rbELzFl5dJvVzyLkrl+8ti5TaLIwfHcA Jn4MEVVOAOqlADBgN4hld4cxLnxXl3PuatK042cwR/4Hz+ACIlj3A=</latexit>
E⇤x
<latexit sh a1_base64="pveA0XBBuX G+mA6+74FkQEgRVxQ=">A AAB+HicbVDLSsNAFL3xWe ujUZduBosgLkpSBbssiOC ygn1AG8NkOmmHTiZhZiLW 0C9x40IRt36KO//GaZuFth 4YOJxzL/fMCRLOlHacb2t ldW19Y7OwVdze2d0r2fsH LRWnktAmiXksOwFWlDNBm 5ppTjuJpDgKOG0Ho6up33 6gUrFY3OlxQr0IDwQLGcH aSL5d6kVYDwnm2fXEf7w/ 8+2yU3FmQMvEzUkZcjR8+ 6vXj0kaUaEJx0p1XSfRXo alZoTTSbGXKppgMsID2jV U4IgqL5sFn6ATo/RRGEvz hEYz9fdGhiOlxlFgJqcx1 aI3Ff/zuqkOa17GRJJqKs j8UJhypGM0bQH1maRE87Eh mEhmsiIyxBITbboqmhLcx S8vk1a14p5XqrcX5Xotr6 MAR3AMp+DCJdThBhrQBAI pPMMrvFlP1ov1bn3MR1es fOcQ/sD6/AGor5MN</lat exit>
⇤
k
<latexit sha1_bas e64="S3aSDwxRIltveqtem08Bv90msbk=" >AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh 5JUQY8FPXisYNpCG8tmu2mXbjZhdyKU0t /gxYMiXv1B3vw3btsctPXBwOO9GWbmhakU Bl3321lZXVvf2CxsFbd3dvf2SweHDZNkmn GfJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJn6 zSeujUjUA45SHsS0r0QkGEUr+YPu8PG8W yq7FXcGsky8nJQhR71b+ur0EpbFXCGT1Ji 256YYjKlGwSSfFDuZ4SllQ9rnbUsVjbkJx rNjJ+TUKj0SJdqWQjJTf0+MaWzMKA5tZ0 xxYBa9qfif184wug7GQqUZcsXmi6JMEkzI 9HPSE5ozlCNLKNPC3krYgGrK0OZTtCF4iy 8vk0a14l1UqveX5dptHkcBjuEEzsCDK6jB HdTBBwYCnuEV3hzlvDjvzse8dcXJZ47gD 5zPH2fjjmw=</latexit>
h⇤m
<latexit sha1_base64="e89uDvNqaFP2 rR08Gg40xgfgGNM=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJTdVtBjQQ8eK7htoV 1LNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7 dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm9mfvuJKs1i+WAmCQ0E HkoWMYKNlfxRXzxe9MsVt+rOgVaJl5MK5Gj2y1+9QUxSQaUhHGvd9dzEBBlWhhFOp6Ve qmmCyRgPaddSiQXVQTY/dorOrDJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xjc10XW QMZmkhkqyWBSlHJkYzT5HA6YoMXxiCSaK2VsRGWGFibH5lGwI3vLLq6RVq3r1au3+stK 4zeMowgmcwjl4cAUNuIMm+ECAwTO8wpsjnRfn3flYtBacfOYY/sD5/AFq745u</late xit>
|h⇤c |
<latexit sha1_base64="iiYBSyv9zCW6Bpv2pg+PnTdKwmI=">AAAB7nicbVDLSgNBEO z1GeMr6tHLYBDEQ9iNgh4DevAYwTwgWcPspDcZMju7zMwKIclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4O6zpOFcMai0WsmgHVKLjEmuFGYDNR SKNAYCMY3Ez9xhMqzWP5YIYJ+hHtSR5yRo2VGuN+hz2ejzuFoltyZyDLxMtIETJUO4WvdjdmaYTSMEG1bnluYvwRVYYzgZN8O9WYUDagPWxZKmmE2h/Nzp2QU6t0SRgrW9KQmfp7Yk QjrYdRYDsjavp60ZuK/3mt1ITX/ojLJDUo2XxRmApiYjL9nXS5QmbE0BLKFLe3EtanijJjE8rbELzFl5dJvVzyLkrl+8ti5TaLIwfHcAJn4MEVVOAOqlADBgN4hld4cxLnxXl3Puat K042cwR/4Hz+ACIlj3A=</latexit>
E⇤x
<latexit sha1_base64="pveA0XBBuXG+mA6+74FkQ EgRVxQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgLkpSBbssiOCygn1AG8NkOmmHTiZhZiLW0C9x40IRt36 KO//GaZuFth4YOJxzL/fMCRLOlHacb2tldW19Y7OwVdze2d0r2fsHLRWnktAmiXksOwFWlDNBm5ppTjuJpDg KOG0Ho6up336gUrFY3OlxQr0IDwQLGcHaSL5d6kVYDwnm2fXEf7w/8+2yU3FmQMvEzUkZcjR8+6vXj0kaUaE Jx0p1XSfRXoalZoTTSbGXKppgMsID2jVU4IgqL5sFn6ATo/RRGEvzhEYz9fdGhiOlxlFgJqcx1aI3Ff/zuqkO a17GRJJqKsj8UJhypGM0bQH1maRE87EhmEhmsiIyxBITbboqmhLcxS8vk1a14p5XqrcX5Xotr6MAR3AMp+DC JdThBhrQBAIpPMMrvFlP1ov1bn3MR1esfOcQ/sD6/AGor5MN</latexit>
hE⇤xiy
<latexit sha1_base64=" QGDJFaAMPaEZutxk+i6qDEywJSU=">AAACCnicbVDL SsNAFJ3UV62vqEs3o0UoLkpSBV0WRHBZwT6giWEynbZ DJ5MwMxFD6NqNv+LGhSJu/QJ3/o2TNAttPXDhcM693 HuPHzEqlWV9G6Wl5ZXVtfJ6ZWNza3vH3N3ryDAWmLRx yELR85EkjHLSVlQx0osEQYHPSNefXGZ+954ISUN+q5 KIuAEacTqkGCkteeahwxAfMQKdAKkxRiy9mnoPdyfQE bnuJZ5ZtepWDrhI7IJUQYGWZ345gxDHAeEKMyRl37Yi 5aZIKIoZmVacWJII4Qkakb6mHAVEumn+yhQea2UAh6 HQxRXM1d8TKQqkTAJfd2YHy3kvE//z+rEaXrgp5VGsC MezRcOYQRXCLBc4oIJgxRJNEBZU3wrxGAmElU6vokO w519eJJ1G3T6tN27Oqs1aEUcZHIAjUAM2OAdNcA1aoA 0weATP4BW8GU/Gi/FufMxaS0Yxsw/+wPj8ARU6mm0= </latexit>
h⇤k
<latex it sha1_base 64="S3aSDwxR Iltveqtem08B v90msbk=">A AAB7HicbVBNS 8NAEJ34WetX1 aOXxSKIh5JUQ Y8FPXisYNpC G8tmu2mXbjZh dyKU0t/gxYMi Xv1B3vw3btsc tPXBwOO9GWb mhakUBl3321l ZXVvf2CxsFbd 3dvf2SweHDZN kmnGfJTLRrZ AaLoXiPgqUvJ VqTuNQ8mY4vJ n6zSeujUjUA4 5SHsS0r0QkG EUr+YPu8PG8W yq7FXcGsky8n JQhR71b+ur0E pbFXCGT1Ji2 56YYjKlGwSSf FDuZ4SllQ9rn bUsVjbkJxrNj J+TUKj0SJdq WQjJTf0+MaWz MKA5tZ0xxYBa 9qfif184wug7 GQqUZcsXmi6 JMEkzI9HPSE5 ozlCNLKNPC3k rYgGrK0OZTtC F4iy8vk0a14 l1UqveX5dptH kcBjuEEzsCDK 6jBHdTBBwYCn uEV3hzlvDjv zse8dcXJZ47g D5zPH2fjjmw= </latexit>
h⇤m
<latexit sha 1_base64="e89uDvNqaFP2rR 08Gg40xgfgGNM=">AAAB7Hi cbVBNSwMxEJ2tX7V+VT16CRZ BPJTdVtBjQQ8eK7htoV1LNs 22oUl2SbJCWfobvHhQxKs/yJ v/xrTdg7Y+GHi8N8PMvDDhT BvX/XYKa+sbm1vF7dLO7t7+Q fnwqKXjVBHqk5jHqhNiTTmT 1DfMcNpJFMUi5LQdjm9mfvuJ Ks1i+WAmCQ0EHkoWMYKNlfx RXzxe9MsVt+rOgVaJl5MK5Gj 2y1+9QUxSQaUhHGvd9dzEBB lWhhFOp6VeqmmCyRgPaddSiQ XVQTY/dorOrDJAUaxsSYPm6 u+JDAutJyK0nQKbkV72ZuJ/X jc10XWQMZmkhkqyWBSlHJkY zT5HA6YoMXxiCSaK2VsRGWGF ibH5lGwI3vLLq6RVq3r1au3 +stK4zeMowgmcwjl4cAUNuIM m+ECAwTO8wpsjnRfn3flYtB acfOYY/sD5/AFq745u</late xit>
|h⇤c |
<latexit sha1_base64="iiYBSyv9zCW6Bpv2pg+PnTdKwmI =">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iNgh4DevAYwTwgWcPspDcZMju7zMwKIclHePGgiFe/x5t/4yTZgyYWNBRV3 XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4O6zpOFcMai0WsmgHVKLjEmuFGYDNRSKNAYCMY3Ez9xhMqzWP5YIYJ+hHtSR5yR o2VGuN+hz2ejzuFoltyZyDLxMtIETJUO4WvdjdmaYTSMEG1bnluYvwRVYYzgZN8O9WYUDagPWxZKmmE2h/Nzp2QU6t0SRgrW9 KQmfp7YkQjrYdRYDsjavp60ZuK/3mt1ITX/ojLJDUo2XxRmApiYjL9nXS5QmbE0BLKFLe3EtanijJjE8rbELzFl5dJvVzyLk rl+8ti5TaLIwfHcAJn4MEVVOAOqlADBgN4hld4cxLnxXl3PuatK042cwR/4Hz+ACIlj3A=</latexit>
E⇤x
<latexit sha1_b ase64="pveA0XBBuXG+mA6+74FkQEg RVxQ=">AAAB+HicbVDLSsNAFL3xWe ujUZduBosgLkpSBbssiOCygn1AG8N kOmmHTiZhZiLW0C9x40IRt36KO//Ga ZuFth4YOJxzL/fMCRLOlHacb2tldW 19Y7OwVdze2d0r2fsHLRWnktAmiXk sOwFWlDNBm5ppTjuJpDgKOG0Ho6up3 36gUrFY3OlxQr0IDwQLGcHaSL5d6k VYDwnm2fXEf7w/8+2yU3FmQMvEzUkZ cjR8+6vXj0kaUaEJx0p1XSfRXoalZ oTTSbGXKppgMsID2jVU4IgqL5sFn6 ATo/RRGEvzhEYz9fdGhiOlxlFgJqcx 1aI3Ff/zuqkOa17GRJJqKsj8UJhyp GM0bQH1maRE87EhmEhmsiIyxBITbb oqmhLcxS8vk1a14p5XqrcX5Xotr6MA R3AMp+DCJdThBhrQBAIpPMMrvFlP1 ov1bn3MR1esfOcQ/sD6/AGor5MN</l atexit>
h⇤k
<latexit sha 1_base64="S3aSDwxRIltveq tem08Bv90msbk=">AAAB7Hi cbVBNS8NAEJ34WetX1aOXxS KIh5JUQY8FPXisYNpCG8tmu2 mXbjZhdyKU0t/gxYMiXv1B3 vw3btsctPXBwOO9GWbmhakUB l3321lZXVvf2CxsFbd3dvf2 SweHDZNkmnGfJTLRrZAaLoX iPgqUvJVqTuNQ8mY4vJn6zSe ujUjUA45SHsS0r0QkGEUr+Y Pu8PG8Wyq7FXcGsky8nJQhR7 1b+ur0EpbFXCGT1Ji256YYj KlGwSSfFDuZ4SllQ9rnbUsV jbkJxrNjJ+TUKj0SJdqWQjJT f0+MaWzMKA5tZ0xxYBa9qfi f184wug7GQqUZcsXmi6JMEkz I9HPSE5ozlCNLKNPC3krYgG rK0OZTtCF4iy8vk0a14l1Uq veX5dptHkcBjuEEzsCDK6jBH dTBBwYCnuEV3hzlvDjvzse8 dcXJZ47gD5zPH2fjjmw=</la texit>
h⇤m
<latexit sha1_base64="e89uDvNqaFP2rR08Gg40xgfgG NM=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJTdVtBjQQ8eK7htoV1LNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+G Hi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm9mfvuJKs1i+WAmCQ 0EHkoWMYKNlfxRXzxe9MsVt+rOgVaJl5MK5Gj2y1+9QUxSQaUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSiQXVQTY/dorO rDJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xjc10XWQMZmkhkqyWBSlHJkYzT5HA6YoMXxiCSaK2VsRGWGFibH5lGwI3v LLq6RVq3r1au3+stK4zeMowgmcwjl4cAUNuIMm+ECAwTO8wpsjnRfn3flYtBacfOYY/sD5/AFq745u</latexit>
|h⇤c |
<latexit sha1_base64="iiYBSyv9zCW6Bpv2pg+PnTdKwmI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iNgh4DevAY wTwgWcPspDcZMju7zMwKIclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4O6zpOFcMai0WsmgHVKLjEmuFGYDNRSKNAYCMY3Ez9xhMqzWP5YIYJ+hHtSR5yRo2VGuN+hz2ejzuFoltyZyDLxMtIETJUO4WvdjdmaYTSMEG1 bnluYvwRVYYzgZN8O9WYUDagPWxZKmmE2h/Nzp2QU6t0SRgrW9KQmfp7YkQjrYdRYDsjavp60ZuK/3mt1ITX/ojLJDUo2XxRmApiYjL9nXS5QmbE0BLKFLe3EtanijJjE8rbELzFl5dJvVzyLkrl+8ti5TaLIwfHcAJn4MEVVOAOqlADBgN4hld4cxLnxXl3 PuatK042cwR/4Hz+ACIlj3A=</latexit>
E⇤x
<latexit sha1_base64="pveA0XBB uXG+mA6+74FkQEgRVxQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgLkpS BbssiOCygn1AG8NkOmmHTiZhZiLW0C9x40IRt36KO//GaZuFth4YOJxzL/f MCRLOlHacb2tldW19Y7OwVdze2d0r2fsHLRWnktAmiXksOwFWlDNBm5ppT juJpDgKOG0Ho6up336gUrFY3OlxQr0IDwQLGcHaSL5d6kVYDwnm2fXEf7w/ 8+2yU3FmQMvEzUkZcjR8+6vXj0kaUaEJx0p1XSfRXoalZoTTSbGXKppgMs ID2jVU4IgqL5sFn6ATo/RRGEvzhEYz9fdGhiOlxlFgJqcx1aI3Ff/zuqkOa 17GRJJqKsj8UJhypGM0bQH1maRE87EhmEhmsiIyxBITbboqmhLcxS8vk1a 14p5XqrcX5Xotr6MAR3AMp+DCJdThBhrQBAIpPMMrvFlP1ov1bn3MR1esfO cQ/sD6/AGor5MN</latexit>
h⇤k
<latexit sha1_base64="S3aSDwxRIltv eqtem08Bv90msbk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5JUQY8FPXisYNpCG8 tmu2mXbjZhdyKU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lZXVvf2CxsF bd3dvf2SweHDZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJn6zSeujUjUA45SHsS0r 0QkGEUr+YPu8PG8Wyq7FXcGsky8nJQhR71b+ur0EpbFXCGT1Ji256YYjKlGwSSfFDuZ 4SllQ9rnbUsVjbkJxrNjJ+TUKj0SJdqWQjJTf0+MaWzMKA5tZ0xxYBa9qfif184wug7G QqUZcsXmi6JMEkzI9HPSE5ozlCNLKNPC3krYgGrK0OZTtCF4iy8vk0a14l1UqveX5dp tHkcBjuEEzsCDK6jBHdTBBwYCnuEV3hzlvDjvzse8dcXJZ47gD5zPH2fjjmw=</late xit>
h⇤m
<latexit sha1_base64="e89uDvNqaFP2 rR08Gg40xgfgGNM=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJTdVtBjQQ8eK7htoV 1LNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7 dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm9mfvuJKs1i+WAmCQ0EH koWMYKNlfxRXzxe9MsVt+rOgVaJl5MK5Gj2y1+9QUxSQaUhHGvd9dzEBBlWhhFOp6Ve qmmCyRgPaddSiQXVQTY/dorOrDJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xjc10XWQ MZmkhkqyWBSlHJkYzT5HA6YoMXxiCSaK2VsRGWGFibH5lGwI3vLLq6RVq3r1au3+stK 4zeMowgmcwjl4cAUNuIMm+ECAwTO8wpsjnRfn3flYtBacfOYY/sD5/AFq745u</late xit>
|h⇤c |
<latexit sha1_base64="iiYBSyv9zCW6Bpv2pg+PnTdKwmI=">AAAB7nicbVDLSgNBEO z1GeMr6tHLYBDEQ9iNgh4DevAYwTwgWcPspDcZMju7zMwKIclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4O6zpOFcMai0WsmgHVKLjEmuFGYDNR SKNAYCMY3Ez9xhMqzWP5YIYJ+hHtSR5yRo2VGuN+hz2ejzuFoltyZyDLxMtIETJUO4WvdjdmaYTSMEG1bnluYvwRVYYzgZN8O9WYUDagPWxZKmmE2h/Nzp2QU6t0SRgrW9KQmfp7Yk QjrYdRYDsjavp60ZuK/3mt1ITX/ojLJDUo2XxRmApiYjL9nXS5QmbE0BLKFLe3EtanijJjE8rbELzFl5dJvVzyLkrl+8ti5TaLIwfHcAJn4MEVVOAOqlADBgN4hld4cxLnxXl3PuatK 042cwR/4Hz+ACIlj3A=</latexit>
E⇤x
<latexit sha1_base64="pveA0XBBuXG+mA6+74FkQ EgRVxQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgLkpSBbssiOCygn1AG8NkOmmHTiZhZiLW0C9x40IRt36 KO//GaZuFth4YOJxzL/fMCRLOlHacb2tldW19Y7OwVdze2d0r2fsHLRWnktAmiXksOwFWlDNBm5ppTjuJpDg KOG0Ho6up336gUrFY3OlxQr0IDwQLGcHaSL5d6kVYDwnm2fXEf7w/8+2yU3FmQMvEzUkZcjR8+6vXj0kaUaEJ x0p1XSfRXoalZoTTSbGXKppgMsID2jVU4IgqL5sFn6ATo/RRGEvzhEYz9fdGhiOlxlFgJqcx1aI3Ff/zuqkO a17GRJJqKsj8UJhypGM0bQH1maRE87EhmEhmsiIyxBITbboqmhLcxS8vk1a14p5XqrcX5Xotr6MAR3AMp+DC JdThBhrQBAIpPMMrvFlP1ov1bn3MR1esfOcQ/sD6/AGor5MN</latexit>
Figure 8. Same as Figure 7, for S4-6 (top to bottom).
18 B. R. McDermott and P. A. Davidson
|h c
|/|
u
||b
|
<latexit sha1_base64="IVKpt/C+qf32EOhdd+7+dQhFRcU=">AAACEXicbVC7TsMwFHXKq5RXgJHFokLqVJKCBGMFC2OR6ENqo8hxnNaq40S2g1Ql+QUWfoWFAYRY2dj4G9w2A205kuXjc+6V7z1ezKhUlvVjlNbWNza3ytuVnd29/QPz8Kgjo0Rg0sYRi0TPQ5IwyklbUcVILxYEhR4jXW98O/W7j0RIGvEHNYmJE6IhpwHFSGnJNWvZyMUZPIfZwIuYLyehvtIkzxbeXp65ZtWqWzPAVWIXpAoKtFzze+BHOAkJV5ghKfu2FSsnRUJRzEheGSSSxAiP0ZD0NeUoJNJJZxvl8EwrPgwioQ9XcKb+7UhRKKez6coQqZFc9qbif14/UcG1k1IeJ4pwPP8oSBhUEZzGA30qCFZsognCgupZIR4hgbDSIVZ0CPbyyquk06jbF/XG/WW1eVPEUQYn4BTUgA2uQBPcgRZoAwyewAt4A+/Gs/FqfBif89KSUfQcgwUYX79rv56t</latexit>
|E |/|u||b|
<latexit sha1_base64="bWQaxQeM 86Ku4GAx8Qur1uGFfMo=">AAACJnicbVBNS8MwGE79nPOr6tFLcAieZjsF vQhDETxOcB+wlpGm2RaWpiVJhdH213jxr3jxMBHx5k8x3Xpwmy+EPHme9yX v83gRo1JZ1rexsrq2vrFZ2ipv7+zu7ZsHhy0ZxgKTJg5ZKDoekoRRTpqKK kY6kSAo8Bhpe6O7XG8/EyFpyJ/UOCJugAac9ilGSlM98yZ1vJD5chzoK3E CpIYYseQ+y1J4DufEOEvn3l6W9syKVbWmBZeBXYAKKKrRMyeOH+I4IFxhhq Ts2lak3AQJRTEjWdmJJYkQHqEB6WrIUUCkm0xtZvBUMz7sh0IfruCU/TuR oEDmu+nO3Idc1HLyP60bq/61m1AexYpwPPuoHzOoQphnBn0qCFZsrAHCgup dIR4igbDSyZZ1CPai5WXQqlXti2rt8bJSvy3iKIFjcALOgA2uQB08gAZoA gxewBuYgA/j1Xg3Po2vWeuKUcwcgbkyfn4BmE+oUw==</latexit>
|hc,x|/|hc|
<latexit sha1_base64="mY3xc7h/TwfrZcR7BQjkH neY6oI=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFcCE1qYJdFty4rGAv0IYwmU7aoZMLMxO1JH0UNy4UceuT uPNtnLZZaOsPAx//OYdz5vdizqSyrG+jsLa+sblV3C7t7O7tH5jlw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48 DjteOObWb3zQIVkUXivJjF1AjwMmc8IVtpyzXI2clNy/jTN0AXSTDLXrFhVay60CnYOFcjVdM2v/iAiSUBDR TiWsmdbsXJSLBQjnE5L/UTSGJMxHtKexhAHVDrp/PQpOtXOAPmR0C9UaO7+nkhxIOUk8HRngNVILtdm5n+1Xq L8upOyME4UDclikZ9wpCI0ywENmKBE8YkGTATTtyIywgITpdMq6RDs5S+vQrtWtS+rtburSqOex1GEYziBM7D hGhpwC01oAYFHeIZXeDMy48V4Nz4WrQUjnzmCPzI+fwC54ZOe</latexit>
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S1 0.84 0.45
S2 0.84 0.47
S3 0.80 0.51
S4 0.68 0.61
S5 0.60 0.76
S6 0.51 0.96
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Figure 9. The relation between cross helicity and the induced emf for a random selection of points within
the wave packets at Ωt = 20. All points for each simulation lie on the unit circle, but they have been shifted
slightly for clarity. The crosses indicate the average over the wave packets, and the markers for S1 and S2
and for S5 and S6 are nearly on top of one another. The ratios |Ex|/|E| and |hc,x|/|hc| averaged over the
wave packets at Ωt = 20 are listed to the right.
where the colour intensity is controlled by 〈|uz|〉y and the hue is set by 〈E∗x〉y, which illustrates
how coherent the emf is throughout the wave packets. For Le < 0.1 (S1–3), the buoyant layer in
the vertical centre of the box emits a spectrum of wave packets which form columnar structures
aligned with the rotation axis. These structures are very similar to those seen in Figures 5 & 6
for the single blob case. Those columnar structures in Figure 7 resemble weakly modified inertial
waves for S1 and S2; in fact the images for S1 and S2 (at Le = 10−8 and Le = 0.01) are almost
identical. This is our first observation: that on timescales on the order of one week, MC waves in
the regime Le <∼ 0.01 are not strongly affected by the mean-field, and behave much the same as
inertial waves. For S3 (Le = 0.05), the wave-field remains largely coherent in the axial direction,
as expected for a small value of Le. There is an increase in |h∗c | for wave packets with a slower
axial group velocity, however the normalised emf remains strong and well segregated.
We tentatively identify inertial wave packets travelling at roughly the speed of low-frequency
inertial waves, but in regions where we observe increased levels of cross helicity, IA wave packets
must also be present. Intermediate MC waves must be present, however they are more difficult to
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classify as they are characterised by a lower energy density and varying degrees of cross helic-
ity, though at low-Le these wave packets will be broadly columnar in structure by virtue of (6).
Simulation S4 is in the same regime (Le = 0.1) as the individual blob example shown in Figure
5. A closer inspection of Figure 8 reveals that the wave packet morphology observed in Figure
5 is present in the buoyant layer case, where the wave packets elongate along the rotation axis
meanwhile migrating along magnetic field lines, yet for multiple blobs the wave packets overlap
in space. For S4–6 (Le ≥ 0.1), the picture exhibited for S1–3, columnar inertial/IA wave packets
carrying intense positive (negative) E∗x above (below) the buoyant layer becomes more complex,
and there is notably more overlap between neighbouring wave packets. However, the y-average
shown in column four of Figures 7 & 8 remains strongly positive (negative) above (below) the
buoyant layer for Le <∼ 0.1.
The wave packets become less coherent in the direction of the rotation axis as the uniform field
strength is increased (Figure 8). For larger mean field strengths there is faster propagation in the
direction of the imposed field. For S4, at Le = 0.1, although there is enhanced cross helicity, the
normalised emf appears to be mostly positive (negative) above (below) the source and of moderate
magnitude; indeed the y-average is very coherent. This follows from the argument on pp. 12, which
states that wave packets can induce a large emf in spite of carrying a lot of cross helicity. We show
the relationship between |hc| and |E| for a random selection of points (plotted as dots) within the
wave packets in Figure 9, the crosses indicate the average over the wave packets. The points for
each simulation have been shifted slightly for clarity, but they all lie on the unit circle. The average
normalised emf decreases with increasing Le and the relative cross helicity increases. The same is
true for the ratios |Ex|/|E| and |hc,x|/|hc| listed to the right in Figure 9, Ex becomes less dominant
and hc,x = uxbx becomes more dominant with increasing Le.
For Le ≥ 0.2 (S5 and S6) the emf is weaker, less organised and appears to be uncorrelated
with the kinetic helicity. The kinetic and magnetic helicities remain mostly segregated negative
(positive) above (below) the buoyant layer for larger mean field strengths, but the segregation of
the emf is no longer so clean, and this results in a weakening of 〈E∗x〉y (column four).
Davidson & Ranjan (2015) confirmed that inertial wave packets launched from a layer of buoy-
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Figure 10. Helicity averaged in planes perpendicular to the rotation vector for (a,b) S2, (c,d) S3 and (e,f)
S4. (a,c,e) Kinetic helicity and (b,d,f) magnetic helicity. The colour of the line indicates the value of Ωt
specified by the legend.
ant anomalies propagate negative (positive) kinetic helicity above (below) the buoyant source, as
predicted by the linear theory of inertial waves. A distribution of kinetic helicity that is negative
(positive) above (below) the wave source is expected to persist for MC wave packets in the pres-
ence of a large-scale magnetic field (§2), and the magnetic helicity in the modified wave packets
is predicted to be segregated in the same way. This behaviour is clear from Figures 7 and 8. We
also calculate the plane-averaged kinetic and magnetic helicity, denoted 〈hk〉 and 〈hm〉, where the
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Figure 11. Relative helicity averaged in planes perpendicular to the rotation vector at Ωt = 30. (a) Kinetic
helicity (b) magnetic helicity.
angle brackets denote the average in planes perpendicular to the rotation vector. For all the sim-
ulations, we confirm 〈hk〉 and 〈hm〉 are segregated so that the kinetic and magnetic helicity are
negative (positive) above (below) the buoyant layer (Figure 10). The nature of the transport of he-
licity by the wave packets is also clear from Figure 10; helicity spreads to larger |z| with time. For
simulation S2 (Le = 0.01), the kinetic helicity is greatest in magnitude, and it spreads to larger |z|
at a linear rate. For larger Le, the kinetic helicity reduces in magnitude as more kinetic energy is
converted to magnetic energy, and there is enhanced Ohmic dissipation. Furthermore, the transport
of helicity is more complex for S3 and S4, due to the distribution of wave-energy across different
wave-types with a spectrum of axial group velocities.
A uniform magnetic field has a slightly detrimental effect on the relative kinetic and magnetic
helicity transported by the wave packets. The reduction in the relative helicity is illustrated in
Figure 11, where 〈h∗k〉 = 〈hk〉/〈u2〉1/2〈ω2〉1/2 and 〈h∗m〉 = 〈hm〉/〈a2〉1/2〈b2〉1/2 denote the plane-
averaged relative kinetic and magnetic helicity. These quantities are remarkably similar for S1 at
Le = 10−8 and S2 at Le = 0.01 (which is Earth-like) even at the late time shown. This observation
supports our qualitative observation above, that the dynamics in S1 and S2 are alike. The curves for
S2–6 display a slight decrease in both relative kinetic and magnetic helicity, indicating that these
fields become less aligned with a stronger influence of the imposed magnetic field. The relative
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Figure 12. Approximate PDFs of the angle between vector fields at Ωt = 30. (a) velocity and vorticity (b)
the magnetic field and its potential (c) velocity and the magnetic field. The colours are as indicated in Figure
11 and are highlighted in (c). For comparison (d) shows P (θ) for the single blob cases, three of which were
discussed in §3.
helicity is closely related to the average angle between the vector fields, and this is what we will
examine next.
To look at how the relative helicities vary with Le, we have calculated approximate probability
density functions (PDFs) of the associated angles. The relative kinetic helicity h∗k is related to the
angle between u and ω, say φ ∈ [0, 180◦), such that φ = cos−1(h∗k). Similar relations hold for
the relative magnetic helicity: β = cos−1(h∗m), and the relative cross helicity: θ = cos
−1(h∗c).
The PDFs of these angles, P (φ), P (β) and P (θ), calculated over the wave packets, are shown
in Figure 12 at Ωt = 30. The PDFs for S1 and (the Earth-like) S2 for φ, β and θ do not differ
significantly. However, as Le is increased, P (φ) and P (β) are less polarised, and the alignment
between u andω and between a and b is marginally decreased (Figures 12a,b). The most dramatic
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Figure 13. Two scenarios of the horizontal propagation of wave packets; wiggly arrows indicate waves.
(a) Single source case and (b) two source case. In (a) wave packets propagate horizontally away from each
other, and never interact. Whereas (b) shows that, with neighbouring sources, wave packets can propagate
horizontally toward one another. The resulting emf of the two cases is different, see (16).
effect is in P (θ), where the PDF is quite sharply peaked for S1 and S2 at θ ≈ 85◦, indicating that
u and b are nearly perpendicular throughout the waves. In the regime of low-Le: the normalised
emf |E∗| = | sin θ| ∼ 1, thus the waves are very efficient at inducing an emf. For S2 and S3, at
Le = 0.01 and Le = 0.05, which are reasonable estimates for the small scales in Earth’s outer
core, P (θ) has a pronounced peak near 90◦. With a stronger mean magnetic field, the PDF is
broader but still peaks near θ ∼ 90◦.
The alignment of the velocity and magnetic fields for the single blob case and the multiple
blob (buoyant layer) case differ significantly (Figure 12c,d). With one blob there is clearly more
frequent alignment between u and b than when there are wave packets emitted from multiple
neighbouring blobs. For a simple explanation of this phenomenon, consider a two wave system
with wave vectors k1 and k2, frequencies $1 and $2 and magnitudes bˆ1 and bˆ2,
b = bˆ1 cos(k1 · x−$1t) + bˆ2 cos(k2 · x−$2t) , (12)
where |k1| ≈ |k2| and $1 ≈ $2 so that the waves are propagating information at approximately
the same speed. Using (4), we can write an expression for the velocity field for the two waves
u = − $1
$B,1
bˆ1 cos(k1 · x−$1t)− $2
$B,2
bˆ2 cos(k2 · x−$2t) . (13)
We are interested in the induced emf, which is maximal when u and b are perpendicular, so we
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expand u× b to find
u× b =− $1
$B,1
(bˆ1× bˆ2) cos(k1 · x−$1t) cos(k2 · x−$2t) (14)
+
$2
$B,2
(bˆ1× bˆ2) cos(k1 · x−$1t) cos(k2 · x−$2t) .
The conditions on the waves’ respective wavevectors and frequencies mean the cosine terms have
approximately the same argument, reducing them to cos2(∼) terms. Averaging this expression we
find
u× b ≈ $¯
2
(
1
$B,2
− 1
$B,1
)
(bˆ1× bˆ2) , (15)
where $¯ = ($1 + $2)/2. Now consider Figure 13, which shows the two cases of wave packets
propagating along the mean-field in the same direction (k1 ≈ k2, for a single source) and toward
one another (k1 ≈ −k2, for two neighbouring sources). Evidently,
u× b ≈

0 if k1 ≈ k2 ,
$¯
|$¯B |(bˆ1× bˆ2) if k1 ≈ −k2 ,
(16)
where $¯B = (|$B,1|+|$B,2|)/2. Thus, spatially overlapping wave packets which propagate along
field lines toward one another are permitted to generate a significant emf in the monochromatic
case, and this can only happen in the multiple blob cases. However, MC wave packets emitted
from a single source propagate along the mean-field away from one another, and so never interact
(see Figure 13). The above two-wave argument explains the difference between the alignment of
u and b for the single blob and the multiple blob cases.
5 IMPLICATIONS FOR DYNAMO SIMULATIONS AND PLANETARY CORES
The y-averaged emf in the direction of B0 is well segregated positive (negative) above (below)
the buoyant layer for Earth-like values of Le (Figure 7). Further, we have shown above that the
environment in which there are many buoyant sources (arguably a more natural situation than a
single isolated source) is beneficial to the generation of a mean emf. Now, we look at the variation
of α = Ex/B0 across the simulations with a buoyant layer. Averaging α over the wave packet
region restricted to the top half of the box (as α tends to be skew-symmetric about the mid-plane)
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Figure 14. Average α for simulations S2–6. The shaded box highlights the range of Earth-like Le and the
points for S1 (Le = 10−8) have approximately the same values as for S2, and are omitted for clarity.
reveals that α remains strong for a broad range of field strengths up to Le = 0.1; dropping to 10
% of the value for S1 at Le = 0.1 (Figure 14).
The physical interpretation of the observed decrease in α is that as B0 increases, lateral mixing
increases between the wave packets (Figure 8). The horizontal displacement in the direction of the
mean-field of a wave packet, denoted ∆, can be expressed as ∆/δ¯ = (Ωt)Le. Therefore, at 30Ωt
(as in Figure 8), the wave packets in S5 and S6 (atLe = 0.2 , 0.5) have been significantly displaced.
Now, the two inertial wave packets above (or indeed below) a buoyant blob have opposite signed uz
and ωz (see Figure 6). Thus, when there is a substantial amount of cross-mixing (as for Le ≥ 0.2),
there is cancellation in the components of the velocity field in the overlapping region, and the
magnitude of the velocity is reduced. This is also true for MC wave packets, and the resulting
decrease in the velocity and magnetic field perturbations is consistent with the observed reduction
in α (Figure 14).
It is also interesting to take a closer look at the PDF of θ, the angle between u and b defined
in §4 (Figure 12c). Evidently we have a strong emf for | cos θ| ≈ 0 and | sin θ| ≈ 1, which is the
most likely scenario for simulations S1–6. For S1 and S2 (at Le = 10−8, 0.01), the peak near
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θ ∼ 90◦ indicates a strong induced emf. For S4–6, | cos θ| ≈ 0 and | sin θ| ≈ 1 are still the most
pronounced parts of the PDF, but these values are approximately half as likely as for S1 and S2.
These observations are independent of the magnitude of the kinetic energy, unlike the explanation
above.
Recent numerical dynamo simulations have highlighted the presence of rapid time-scale in-
ertial and hydromagnetic waves (Schaeffer et al. 2017; Ranjan et al. 2018; Aubert 2019). Aubert
(2019) observes ”quasi-geostrophic Alfve´n waves” propagating along the cylindrical radial mag-
netic field, launched from a buoyant plume. The description of these fast time-scale, localised
events is very reminiscent of the wave packets observed in our simulations (and in Bardsley &
Davidson 2016). The convective structures outside the tangent cylinder in the extreme simulation
of Schaeffer et al. (2017) are characterised by Lehnert numbers in the range 0.01− 0.1. The flow
is chaotic in space and time, quasi-geostrophic, and highly helical — fast time-scale MC wave
packets like those observed in Figures 7 & 8 (S2–4) are good candidates for the maintenance of
these flow structures. As planetary dynamo simulations progress to increasingly turbulent states,
it is expected that the propagation of wave packets will play an ever more important role in the
dynamics, and possibly the dynamo mechanism (Davidson & Ranjan 2015).
The magnetic field inside the core will certainly be heterogeneous, with the possibility of
having regions of the core where the magnetic field is much weaker/stronger than the average.
The more dipolar numerical simulations often exhibit an azimuthal mean-field which has opposite
signs in each hemisphere, which is relatively weak outside of the tangent cylinder, and goes to zero
at the equator (Roberts & King 2013; Schaeffer et al. 2017). This type of anti-symmetric mean-
field would change our results in two main ways. The helicity distribution would remain negative
(positive) above (below) the source. However the induced emf would now be positive both above
and below, as required for an α2 dynamo. Second, our results suggest that a weaker azimuthal
field in the regions of the equatorial plane would be beneficial for the generation and propagation
of kinetic helicity and the emf, although the dispersion relation of a wave packet may evolve
along its path (Bardsley & Davidson 2017). As the wave packets enter regions of stronger field at
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higher latitudes, they would be subject to enhanced Ohmic dissipation, reducing the likelihood of
cancellation by reflections at the core-mantle boundary.
The picture outlined above is consistent with the cartoon outlined in Figure 1 for an α2 dynamo
driven by helical convection/waves. Using ray theory, Bardsley & Davidson (2017) deduced the
effect of an axially varying anti-symmetric mean-field on MC wave dispersion. They concluded
that even though IA waves are de-focused by the slow variation of B0, the fact that Le is small
in Earth’s core implies that the intermediate MC waves disperse more or less axially, and this is
what we observe for a sea of MC wave packets for Le < 0.1. The time-scales τΩ, τA and τu = `/u
are ordered such that 30 τΩ <∼ τA  τu, which suggests that inertial/MC wave packets continually
launched from a chaotic buoyancy field would be particularly effective at maintaining elongated
flow structures and driving an α-effect.
In Jault (2008), the axisymmetric motions launched by a jerk of the inner sphere, which travel
rapidly along the rotation axis and migrate outwards at the radial Alfve´n speed are certainly similar
to the propagation of IA wave packets (see also the recent experiments by Tigrine et al. 2019). It
has been noted by Jault (2008) that numerical dynamos with large-scale Lehnert numbers less than
∼ 3 × 10−2 are broadly quasi-geostrophic. Using the average mean spherical harmonic degree in
the kinetic energy spectrum of the dynamos in the dataset of Christensen & Aubert (2006), this
translates to a ‘local’ Lehnert number of ∼ 0.2. This is consistent with the isosurfaces presented
in Figures 7 & 8 — the flow is reasonably columnar in S4 and becomes less columnar in S5–6.
In recent (more turbulent) geodynamo simulations (Schaeffer et al. 2017; Aubert 2019), buoy-
ant anomalies outside the tangent cylinder have the potential to launch wave packets like those
observed here. Ranjan et al. (2018) showed that the time derivative of axial velocity is a good
indicator for localised wave-fronts, we corroborate this finding. This approach could be combined
with analysis of the local energy density ratio and relative helicities to search for MC wave packets
emitted from buoyant blobs/plumes in dynamo simulations.
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6 CONCLUDING REMARKS
Magnetic-Coriolis wave packets which propagate through a uniform transverse mean-field gener-
ate a significant mean emf at Earth-like values of the Lehnert number. Further, mean emf remains
well segregated positive (negative) above (below) the wave source for Lehnert numbers smaller
than 0.1. For mean-fields with a larger magnitude the induced emf is reduced, and the α-effect is
less influential. The wave packets in our simulations that transport a high energy density are well
described by three groups: weakly modified inertial (cgz ∼ 2Ω/k), inertial-Alfve´n (cgz ∼ Ω/k,
k ·Ω ≈ 0) and intermediate magnetic-Coriolis wave packets (fast and columnar at low-Le). Our
simulations cannot run for sufficiently many rotation times for the signature of magnetostrophic
waves to become distinct.
For Earth-like values of the Lehnert number, we find that on time-scales of the order of weeks:
i The wave packets are coherent and columnar (Figure 7).
ii The velocity and magnetic fields are mostly perpendicular, and the wave packets induce a
sizeable emf, which is greater when there are multiple neighbouring sources.
iii Magnetic-Coriolis wave packets generate a spatially organised α-effect, where the average α
remains strong for a broad range of field strengths up to Le = 0.1.
iv The horizontally averaged Ex is well correlated with −〈hk〉.
The helical wave dynamo model of Davidson (2014) requires kinetic helicity that is sufficiently
intense, and that is distributed negative (positive) in the north (south) outside the tangent cylinder
(Figure 1). The model suggests that helical wave packets launched from an equatorially biased
heat-flux could set up an α2 dynamo cycle as described in Figure 1, where the velocity field
principally acts on the horizontal components of the mean-field. However, this model does not
explicitly take into account the dynamic effect of a mean magnetic field. The work presented
here suggests that such a model is indeed feasible in Earth’s core, even for upper estimates of
the toroidal field strength. We note that our results are essentially the same if we model the local
cylindrical radial field Br as B0ey, yielding an αyy.
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